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WEAKLY QUASISYMMETRIC MAPS AND UNIFORM SPACES
YAXIANG LI, MATTI VUORINEN, AND QINGSHAN ZHOU∗
Abstract. Suppose that X and Y are quasiconvex and complete metric spaces,
that G ⊂ X and G′ ⊂ Y are domains, and that f : G → G′ is a homeomorphism.
In this paper, we first give some basic properties of short arcs, and then we show
that: if f is a weakly quasisymmetric mapping and G′ is a quasiconvex domain,
then the image f(D) of every uniform subdomain D in G is uniform. As an
application, we get that if f is a weakly quasisymmetric mapping and G′ is an
uniform domain, then the images of the short arcs in G under f are uniform arcs
in the sense of diameter.
1. Introduction and main results
The quasihyperbolic metric (briefly, QH metric) was introduced by Gehring and
his students Palka and Osgood in the 1970’s [11, 12] in the setting of Euclidean
spaces Rn (n ≥ 2). Since its first appearance, the quasihyperbolic metric has become
an important tool in the geometric function theory of Euclidean spaces, especially,
in the study of quasiconformal and quasisymmetric mappings. Uniform domains in
Euclidean spaces were introduced independently by Jones [28] and Martio and Sarvas
[34]. Recently, Bonk, Heinonen and Koskela introduced uniform metric spaces in
[3] and demonstrated a one-to-one (conformal) correspondence between this class of
spaces and geodesic hyperbolic spaces in the sense of Gromov. After its appearance,
uniformity has played a significant role in related studies; see [5], [19], [20], [29], [30],
[31] and references therein.
The class of quasisymmetric mappings on the real axis was first introduced by
Beurling and Ahlfors [2], who found a way to obtain a quasiconformal extension
of a quasisymmetric self-mapping of the real axis to a self-mapping of the upper
half-plane. This idea was later generalized by Tukia and Va¨isa¨la¨, who studied qua-
sisymmetric mappings between metric spaces [38]. In 1998, Heinonen and Koskela
[16] proved a remarkable result, showing that the concepts of quasiconformality and
quasisymmetry are quantitatively equivalent in a large class of metric spaces, which
includes Euclidean space. Also, Va¨isa¨la¨ proved the quantitative equivalence between
free quasiconformality and quasisymmetry of homeomorphisms between two Banach
spaces, see [48, Theorem 7.15]. Against this background, it is not surprising that the
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study of quasisymmetry in metric spaces has recently attracted significant attention
[4, 24, 23, 39, 52].
The main tools in the study of quasiconformal mappings and uniform spaces
are volume integrals (associated doubling or Ahlfors regular measure), conformal
modulus, Whitney decomposition and quasihyperbolic metric. The main goal of
this paper is to study the subinvariance of uniform domains in general metric spaces
under weakly quasisymmetric mappings by means of the quasihyperbolic metric
and metric geometry. We start by recalling some basic definitions. Throughout this
paper, we always assume that X and Y are metric spaces and we do not assume
local compactness. We follow the notation and terminology of [15, 16, 23, 39, 48].
Here and in what follows, we always use |x − y| to denote the distance between x
and y.
Definition 1. A homeomorphism f from X to Y is said to be
(1) η-quasisymmetric if there is a homeomorphism η : [0,∞)→ [0,∞) such that
|x− a| ≤ t|x− b| implies |f(x)− f(a)| ≤ η(t)|f(x)− f(b)|
for each t ≥ 0 and for each triple x, a, b of points in X ;
(2) weakly H-quasisymmetric if
|x− a| ≤ |x− b| implies |f(x)− f(a)| ≤ H|f(x)− f(b)|
for each triple x, a, b of points in X .
Remark 1. The η-quasisymmetry implies the weak H-quasisymmetry with H =
η(1). Obviously, η(1) ≥ 1. In general, the converse is not true (cf. [48, Thm. 8.5]).
See also [24] for some related results.
In his 1961 work on elasticity theory, John [27] introduced the class of domains
satisfying the twisted interior cone condition . These domains were first called John
domains by Martio and Sarvas in [34]. In the same paper, Martio and Sarvas also
discussed another class of domains which are the uniform domains. Their main mo-
tivation for studying these domains was in showing global injectivity properties for
locally injective mappings. Since then, many other characterizations of uniform and
John domains have been established, see [8, 11, 33, 44, 47, 48], and the importance
of these classes of domains in function theory is well documented (see e.g. [8, 9, 40]).
Moreover, John and uniform domains in Rn enjoy numerous geometric and function
theoretic properties that are useful in many other fields of modern mathematical
analysis as well (see e.g. [28, 32, 40], and references therein).
We recall the definition of uniform domains following closely the notation and
terminology of [38, 40, 41, 43, 44] and [33].
Definition 2. A domain G in X is called b-uniform provided there exists a constant
b with the property that each pair of points x, y in G can be joined by a rectifiable
arc γ in G satisfying
(1) min{ℓ(γ[x, z]), ℓ(γ[z, y])} ≤ b δG(z) for all z ∈ γ, and
(2) ℓ(γ) ≤ b |x− y|,
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where ℓ(γ) denotes the length of γ, γ[x, z] the part of γ between x and z. In this case,
γ is said to be a double b-cone arc. If the condition (1) is satisfied, not necessarily
(2), then G is said to be a b-John domain. In this case, the arc γ is called a b-cone
arc.
It follows from [7, Rem. on p. 121] and [40, Thm. 5.6] that uniform domains
are subinvariant with respect to quasiconformal mappings in Rn (n ≥ 2). By this,
we mean that if f : G → G′ is a K-quasiconformal mapping, where G and G′
are domains in Rn, and if G′ is c-uniform, then D′ = f(D) is c′-uniform for every
c-uniform subdomain D ⊂ G, where c′ = c′(c,K, n) which means that the constant
c′ depends only on the coefficient c of the uniformity of D, the coefficient K of
quasiconformality of f and the dimension n of the Euclidean space Rn. See [6, 10,
22, 26, 40, 48, 53] for other relevant discussions. We note that a domain G is uniform
implies that G is a John domain and is quasiconvex. So it is natural to ask whether
it is possible to weaken the assumption “G′ is uniform” to “G′ is a John domain”
or “G′ is quasiconvex”.
In fact, we observe from [22, Thm. 1] and [3, Prop. 7.12] that the following holds:
Suppose that G and G′ are bounded subdomains in Rn and that f : G→ G′ is a K-
quasiconformal mapping. If G′ is a John domain and G1 is a subdomain of G which
is inner uniform, then its image G′1 = f(G1) is inner uniform also. We remark
that this result is not valid for uniform subdomain G1 of G, that is, G
′
1 maybe not
uniform. For example, G′ = B2 \ [0, 1] is a conformal image of G = B2, and we
observe that G′ is a John domain and G1 = G \ {0} is uniform, but G
′
1 is obviously
not an uniform domain, because it is of the form G′ minus one point. However, if
we replace the assumption “G′ is an a-John domain” to “G′ is quasiconvex”, then
we get the following result.
Theorem 1. Suppose that X and Y are quasiconvex and complete metric spaces,
that G  X is a domain, G′  Y is a quasiconvex domain, and that f : G → G′
is weakly quasisymmetric mapping. For each subdomain D of G, if D is uniform,
then D′ = f(D) is uniform, where the coefficient of uniformity of D′ depends only
on the given data of X, Y , G, G′, D, and f .
Here and in what follows, the phrase “the given data of X , Y , G, G′, D, and f”
means the data which depends on the given constants which are the coefficients of
quasiconvexity of X , Y and G′, the coefficient of uniformity of G and the coefficient
of weak quasisymmetry of f .
Remark 2. It is worth mentioning that in Theorem 1, the domain G′ is not required
to be “uniform”, but only to be “quasiconvex” (From the definitions in Section 2,
we easily see that uniformity implies quasiconvexity). If X = Y = Rn, then f is
η-quasisymmetric with η = η(n,H), see [42, Thm. 2.9]. Since quasisymmetric maps
preserve uniform domains, the assertion follows. But we remind the reader that our
result is independent of the dimension in this case.
As an application of our method, we discuss the distortion property for quasihy-
perbolic short arcs because in general the quasihyperbolic geodesics may not exist.
Actually we establish an analog of Pommerenke’s theorem for length and diameter
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distortion of hyperbolic geodesics under conformal mappings from the unit disk D
onto a plane domain, see [36, Cor. 4.18, Thm. 4.20]. In higher dimension (that
is, Rn), Heinonen and Na¨kki found that the quasiconformal image of quasihyper-
bolic geodesics minimize Euclidean curve-diameter, see [17, Thm. 6.1]. We also get
the diameter uniformity for the image of quasihyperbolic short arcs under weakly
quasisymmetric mappings which embed into a uniform space, which we state as
follows.
Theorem 2. Suppose that X and Y are c-quasiconvex and complete metric spaces,
and that f : G→ G′ is weakly H-quasisymmetric between two domains G ( X and
G′ ( Y . If G′ is b-uniform, then for any ε-short arc γ in G with endpoints x and
y, 0 < ε < min{1, kG(x,y)
6
}, we have
(1) min{diam(γ′[f(x), f(u)]), diam(γ′[f(y), f(u)])} ≤ λ1δG′(f(u));
(2) diam(γ′) ≤ λ2|f(x)− f(y)|,
where γ′ = f(γ) and λi depends only on c,H and b for i = 1, 2.
We remark that with the extra local compactness assumption, it is not hard to
see that G is a proper geodesic space with respect to the quasihyperbolic metric,
see [3, Proposition 2.8], because a complete locally compact length space is proper
and geodesic. Hence the above result holds also for quasihyperbolic geodesic of G
in this situation.
The rest of this paper is organized as follows. In Section 2, we recall some defi-
nitions and preliminary results, particularly, some basic properties of short arcs. In
Section 3, Theorem 1 is proved based on the properties of short arcs. Section 4 is
devoted to the proof of Theorem 2.
2. Preliminaries
In this section, we give the necessary definitions and auxiliary results, which will
be used in the proofs of our main results.
Throughout this paper, balls and spheres in metric spaces X are written as
B(a, r) = {x ∈ X : |x− a| < r}, S(a, r) = {x ∈ X : |x− a| = r}
and
B(a, r) = B(a, r) ∪ S(a, r) = {x ∈ X : |x− a| ≤ r}.
For convenience, given domains G ⊂ X, G′ ⊂ Y , a map f : G → G′ and points
x, y, z, . . . in G, we always denote by x′, y′, z′, . . . the images in G′ of x, y, z, . . .
under f , respectively. Also, we assume that γ denotes an arc in G and γ′ the image
in G′ of γ under f .
2.1. Quasihyperbolic metric, solid arcs and short arcs. In this subsection,
we start with the definition of quasihyperbolic metric. If X is a connected metric
space and G  X is a non-empty open set, then it follows from [23, Rem. 2.2] that
the boundary of G satisfies ∂G 6= ∅. Suppose γ ⊂ G denotes a rectifiable arc or a
path, its quasihyperbolic length is the number:
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ℓkG(γ) =
∫
γ
|dz|
δG(z)
,
where δG(z) denotes the distance from z to ∂G.
For each pair of points x, y in G, the quasihyperbolic distance kG(x, y) between x
and y is defined in the following way:
kG(x, y) = inf ℓkG(γ),
where the infimum is taken over all rectifiable arcs γ joining x to y in G.
If γ is a rectifiable curve in G connecting x and y, then (see, e.g., the proof of
Theorem 2.7 in [23] or [43])
ℓkG(γ) ≥ log
(
1 +
ℓ(γ)
min{δG(x), δG(y)}
)
(2.1)
and thus,
kG(x, y) ≥ log
(
1 +
|x− y|
min{δG(x), δG(y)}
)
.(2.2)
Gehring and Palka [12] introduced the quasihyperbolic metric of a domain in
Rn. For the basic properties of this metric we refer to [11]. Recall that a curve γ
from x to y is a quasihyperbolic geodesic if ℓkG(γ) = kG(x, y). Each subcurve of a
quasihyperbolic geodesic is obviously a quasihyperbolic geodesic. It is known that
a quasihyperbolic geodesic between any two points in a Banach space X exists if
the dimension of X is finite, see [11, Lem. 1]. This is not true in arbitrary metric
spaces (cf. [43, Ex. 2.9]).
Let us recall a result which is useful for our later discussions.
Lemma A. ([25, Lem. 2.4]) Let X be a c-quasiconvex metric space and let G ( X
be a domain. Suppose that x, y ∈ G and either |x − y| ≤ 1
3c
δG(x) or kG(x, y) ≤ 1.
Then
(2.3)
1
2
|x− y|
δG(x)
< kG(x, y) < 3c
|x− y|
δG(x)
.
Here, we say that X is c-quasiconvex (c ≥ 1) if each pair of points x, y ∈ X can be
joined by an arc γ in X with length ℓ(γ) ≤ c|x− y|.
Definition 3. Suppose γ is an arc in a domain G  X and X is a rectifiably
connected metric space. The arc may be closed, open or half open. Let x = (x0,
. . . , xn), n ≥ 1, be a finite sequence of successive points of γ. For h ≥ 0, we say that
x is h-coarse if kG(xj−1, xj) ≥ h for all 1 ≤ j ≤ n. Let Φk(γ, h) denote the family of
all h-coarse sequences of γ. Set
sk(x) =
n∑
j=1
kG(xj−1, xj)
and
ℓkG(γ, h) = sup{sk(x) : x ∈ Φk(γ, h)}
6 Yaxiang Li, Matti Vuorinen and Qingshan Zhou
with the agreement that ℓkG(γ, h) = 0 if Φk(γ, h) = ∅. Then the number ℓkG(γ, h)
is the h-coarse quasihyperbolic length of γ.
If X is c-quasiconvex, then ℓkG(γ, 0) = ℓkG(γ) (see, e.g., [3, Prop. A.7, Rem. A.13]
and [25, Lem. 2.5] ).
Definition 4. Let G be a proper domain in a rectifiably connected metric space X .
An arc γ ⊂ G is (ν, h)-solid with ν ≥ 1 and h ≥ 0 if
ℓkG(γ[x, y], h) ≤ ν kG(x, y)
for all x, y ∈ γ.
An arc γ ⊂ G with endpoints x and y is said to be ε-short (ε ≥ 0) if
ℓkG(γ) ≤ kG(x, y) + ε.
Obviously, by the definition of kG, we know that for every ε > 0, there exists an
arc γ ⊂ G such that γ is ε-short, and it is easy to see that every subarc of an ε-short
arc is also ε-short.
Remark 3. For any pair of points x and y in a proper domain G of Banach space
E, if the dimension of E is finite, then there exists a quasihyperbolic geodesic in
G connecting x and y (see [11, Lem. 1]). But if the dimension of E is infinite,
this property is no longer valid (see, e.g., [43, Ex. 2.9]). In order to overcome
this shortcoming in Banach spaces, Va¨isa¨la¨ proved the existence of neargeodesics
or quasigeodesics (see [44]), and every quasihyperbolic geodesic is a quasigeodesic.
See also [37]. In metric spaces, we do not know if this existence property is true
or not. However, this existence property plays a very important role in the related
discussions. In order to overcome this disadvantage, in this paper, we will exploit
the substitution of “quasigeodesics” replaced by “short arcs”. The class of short arcs
was introduced when Va¨isa¨la¨ studied properties of Gromov hyperbolic spaces [49] (see
also [5, 21]), and we see that the existence of such class of arcs is obvious in metric
spaces.
By a slight modification of the method used in the proof of [44, Lem. 6.21], we
get the following result.
Lemma 1. Suppose that X is a c-quasiconvex metric space and that G  X is
a domain, and that γ is a (ν, h)-solid arc in G with endpoints x, y such that
min{δG(x), δG(y)} = r ≥ 3c|x − y|. Then there is a constant µ1 = µ1(c, ν) such
that
diam(γ) ≤ max{µ1|x− y|, 2r(e
h − 1)},
where “diam” means “diameter”.
Proof. Without loss of generality, we assume that δG(y) ≥ δG(x) = r. Denoting
t = |x− y| and applying Lemma A, we get
kG(x, y) ≤ 3ct/r.
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Let u ∈ γ. To prove this lemma, it suffices to show that there exists a constant
µ1 = µ1(c, ν) such that
(2.4) |u− x| ≤ max
{µ1
2
|x− y|, r(eh − 1)
}
.
To this end, we consider two cases. The first case is: kG(u, x) ≤ h. Under this
assumption, we see from (2.2) that
(2.5) |u− x| ≤ (ekG(u,x) − 1)δG(x) ≤ r(e
h − 1).
For the remaining case: kG(u, x) > h, we choose a sequence of successive points
of γ: x = x0, . . ., xn = u such that
kG(xj−1, xj) = h for j ∈ {1, . . . , n− 1}
and
0 < kG(xn−1, xn) ≤ h.
Then n ≥ 2 and
(n− 1)h ≤
n−1∑
i=1
kG(xj−1, xj) ≤ ℓkG(γ, h) ≤ νkG(x, y) ≤ 3cνt/r,
which shows that
kG(x, u) ≤
n∑
i=1
kG(xj−1, xj) ≤ nh ≤ 6cνt/r.
Let s = t
r
. Then s ≤ 1
3c
and
|u− x|
t
≤
e6cνs − 1
s
.
Obviously, the function g(s) = 1
s
(
e6cνs−1
)
is increasing in (0,∞] and lims→0
e6cνs−1
s
=
6cν. Letting
µ1 = 6c(e
2ν − 1)
gives
(2.6) |u− x| ≤
1
2
µ1t.
It follows from (2.5) and (2.6) that (2.4) holds, and hence the proof of the lemma is
complete. 
Lemma 2. Suppose that X is a c-quasiconvex metric space and G ( X is a domain.
Suppose, further, that for x, y ∈ G,
(1) γ is an ε-short arc in G connecting x and y with 0 < ε ≤ 1
2
kG(x, y), and
(2) |x− y| ≤ 1
3c
min{δG(x), δG(y)}.
Then
ℓ(γ) ≤
9
2
ce
3
2 |x− y|.
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Proof. Without loss of generality, we assume that min{δG(x), δG(y)} = δG(x). It
follows from (2.1) and Lemma A that
log
(
1 +
ℓ(γ)
δG(x)
)
≤ ℓkG(γ) ≤ kG(x, y) + ε ≤
3
2
kG(x, y) ≤
9c
2
|x− y|
δG(x)
≤
3
2
.
Hence,
ℓ(γ)
δG(x)
≤ e
3
2 − 1.
Let f(t) = t−e
3
2 log(1+t). Then f(t) is decreasing for t ∈ [−1, e
3
2−1]. In particular,
we have f(t) ≤ f(0) = 0 which leads to
ℓ(γ)
δG(x)
≤ e
3
2 log
(
1 +
ℓ(γ)
δG(x)
)
≤
9
2
ce
3
2
|x− y|
δG(x)
.
Therefore,
ℓ(γ) ≤
9
2
ce
3
2 |x− y|,
as required. 
2.2. Properties of uniform domains. Let us recall the following useful property
of uniform domains.
Lemma B. ([3, Lem. 3.12]) Suppose G ( X is a b-uniform domain in a rectifiably
connected metric space X. Then for any x, y ∈ G, we have
kG(x, y) ≤ 4b
2 log
(
1 +
|x− y|
min{δG(x), δG(y)}
)
.
We note that Gehring and Osgood [11] characterized uniform domains in terms
of an upper bound for the quasihyperbolic metric in the case of domains in Rn as
follows: a domain G is uniform if and only if there exists a constant C ≥ 1 such
that
kG(x, y) ≤ C log
(
1 +
|x− y|
min{δG(x), δG(y)}
)
for all x, y ∈ G. As a matter of fact, the above inequality appeared in [11] in a form
with an additive constant on the right hand side: it was shown by Vuorinen [51,
2.50] that the additive constant can be chosen to be 0.
The following are the analogues of Lemmas 6.10 and 6.11 in [44] in the setting of
metric spaces. The proofs are similar.
Lemma C. Suppose that G ( X is a b-uniform domain in a rectifiably connected
metric space X, and that γ is an arc in {x ∈ G : δG(x) ≤ r}. If γ is (ν, h)-solid,
then
diam(γ) ≤ M1r,
where M1 =M1(b, ν, h).
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Lemma D. For all b ≥ 1, ν ≥ 1 and h ≥ 0, there are constants 0 < q0 =
q0(b, ν, h) < 1 and M2 = M2(b, ν, h) ≥ 1 with the following property: Suppose that G
is a b-uniform domain and γ is a (ν, h)-solid arc starting at x0 ∈ G. If γ contains
a point u with δG(u) ≤ q0δG(x0), then
diam(γu) ≤M2δG(u),
where γu = γ \ γ[x0, u).
Now, we are ready to prove an analogue of Lemma 1 for uniform domains.
Lemma 3. Suppose that X is a c-quasiconvex metric space and that G  X is
a b-uniform domain, and that γ is a (ν, h)-solid arc in G with endpoints x, y.
Let δG(x0) = maxp∈γ δG(p). Then there exist constants µ2 = µ2(b, ν, h) ≥ 1 and
µ3 = µ3(b, c, ν, h) ≥ 1 such that
(1) diam(γ[x, u]) ≤ µ2δG(u) for u ∈ γ[x, x0], and diam(γ[y, v]) ≤ µ2δG(v) for
v ∈ γ[y, x0];
(2) diam(γ) ≤ max
{
µ3|x− y|, 2(e
h − 1)min{δG(x), δG(y)}
}
.
Proof. We first prove (1). Obviously, it suffices to prove the first inequality in (1)
because the proof for the second one is similar. Let
µ2 = max
{M1
q0
,M2
}
,
where M1 = M1(b, ν, h) is the constant from Lemma C, q0 = q0(b, ν, h) and M2 =
M2(b, ν, h) are the constants from Lemma D.
For u ∈ γ[x, x0], we divide the proof into two cases. If δG(u) ≤ q0δG(x0), then
Lemma D leads to
(2.7) diam(γ[x, u]) ≤M2δG(u).
If δG(u) > q0δG(x0), then applying Lemma C with the substitution r replaced by
δG(x0) and γ replaced by γ[x, u], we easily get
(2.8) diam(γ[x, u]) ≤M1δG(x0) <
M1
q0
δG(u).
It follows from (2.7) and (2.8) that the first assertion in (1) holds, and thus the
proof of (1) is complete.
To prove (2), without loss of generality, we assume that
min{δG(x), δG(y)} = δG(x) and diam(γ) > |x− y|.
Let
µ3 =
3
4
[
1 + 2(1 + 6c)(eh+4b
2ν log(1+4µ2) − 1)
]
.
If δG(x) ≥ 3c|x − y|, then (2) follows from Lemma 1 since the constant µ1 in
Lemma 1 satisfies µ1 < µ3. Hence, in the following, we assume that
δG(x) < 3c|x− y|.(2.9)
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Let x1 ∈ γ (resp. y1 ∈ γ) be the first point in γ from x to y (resp. from y to x) such
that (see Figure 1)
diam(γ[x, x1]) =
1
2
|x− y| (resp. diam(γ[y, y1]) =
1
2
|x− y|).(2.10)
Then we have
diam(γ[y, x1]) ≥ |y − x1| ≥ |y − x| − |x− x1| ≥
1
2
|y − x| = diam(γ[x, x1]),
and similarly, we get
diam(γ[x, y1]) > diam(γ[y, y1]).
Thus, it follows from (1) that
1
2
|x− y| = diam(γ[x, x1]) = diam(γ[y, y1]) ≤ µ2min{δG(x1), δG(y1)}.
Also,
|x1 − y1| ≤ |x1 − x| + |x− y|+ |y − y1| ≤ 2|x− y|.
Then Lemma B implies
kG(x1, y1) ≤ 4b
2 log
(
1 +
|x1 − y1|
min{δG(x1), δG(y1)}
)
≤ 4b2 log(1 + 4µ2).
Since γ is a (ν, h)-solid arc, for any u1, u2 ∈ γ[x1, y1], we have
kG(u1, u2) ≤ max{h, ℓkG(γ[x1, y1], h)} ≤ h + νkG(x1, y1)
≤ h+ 4b2ν log(1 + 4µ2),
and so, for all z ∈ γ[x1, y1], we get from (2.2), (2.9) and (2.10) that
|z − x1| ≤ (e
kG(z,x1) − 1)δG(x1)(2.11)
≤ (eh+4b
2ν log(1+4µ2) − 1)(δG(x) + |x− x1|)
≤
1
2
(1 + 6c)(eh+4b
2ν log(1+4µ2) − 1)|x− y|.
Let w1, w2 ∈ γ be points such that
(2.12) |w1 − w2| ≥
2
3
diam(γ).
Then we get
Claim 2.1. |w1 − w2| ≤
2
3
µ3|x− y|.
Since (2.10) guarantees that neither γ[x, x1] nor γ[y, y1] contains the set {w1, w2},
we see that, to prove this claim, according to the positions of w1 and w2 in γ, we
need to consider the following four possibilities.
(1) w1 ∈ γ[x, x1] and w2 ∈ γ[y, y1]. Obviously, by (2.10), we have
|w1 − w2| ≤ |w1 − x|+ |x− y|+ |y − w2| ≤ 2|x− y|.
(2) w1 ∈ γ[x, x1] and w2 ∈ γ[x1, y1]. Then (2.10) and (2.11) show that
|w1 − w2| ≤ |w1 − x1|+ |x1 − w2| ≤
1
2
[
1 + (1 + 6c)(eh+4b
2ν log(1+4µ2) − 1)
]
|x− y|.
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(3) w1, w2 ∈ γ[x1, y1]. Then (2.11) implies
|w1 − w2| ≤ |w1 − x1|+ |x1 − w2| ≤ (1 + 6c)(e
h+4b2ν log(1+4µ2) − 1)|x− y|.
(4) w1 ∈ γ[x1, y1] and w2 ∈ γ[y1, y]. Again, we infer from (2.10) and (2.11) that
|w1−w2| ≤ |w1−x1|+|x1−y1|+|y1−w2| ≤
1
2
[
1+2(1+6c)(eh+4b
2ν log(1+4µ2)−1)
]
|x−y|.
The claim is proved.
Now, we are ready to finish the proof. It follows from (2.12) and Claim 2.1 that
diam(γ) ≤
3
2
|w1 − w2| ≤ µ3|x− y|,
which implies that (2) also holds in this case. Hence, the proof of the lemma is
complete. 
2.3. Free quasiconformal mappings and coarsely quasihyperbolic map-
pings. The definition of free quasiconformality is as follows.
Definition 5. Let G  X and G′  Y be two domains (open and connected),
and let ϕ : [0,∞) → [0,∞) be a homeomorphism with ϕ(t) ≥ t. We say that a
homeomorphism f : G→ G′ is
(1) ϕ-semisolid if
kG′(f(x), f(y)) ≤ ϕ(kG(x, y))
for all x, y ∈ G;
(2) ϕ-solid if both f and f −1 are ϕ-semisolid;
(3) freely ϕ-quasiconformal (ϕ-FQC in brief) or fully ϕ-solid if f is ϕ-solid in
every subdomain of G,
where kG(x, y) denotes the quasihyperbolic distance of x and y in G. See Section 2
for the precise definitions of kG(x, y) and other notations and concepts in the rest
of this section.
Definition 6. Let G  X and G′  Y be two domains. We say that a homeomor-
phism f : G→ G′ is
(1) C-coarsely M-quasihyperbolic, or briefly (M,C)-CQH, if there are constants
M ≥ 1 and C ≥ 0 such that for all x, y ∈ G,
kG(x, y)− C
M
≤ kG′(f(x), f(y)) ≤M kG(x, y) + C.
(2) fully C-coarsely M-quasihyperbolic if there are constants M ≥ 1 and C ≥ 0
such that f is C-coarsely M-quasihyperbolic in every subdomain of G.
Under coarsely quasihyperbolic mappings, we have the following useful relation-
ship between short arcs and solid arcs.
Lemma 4. Suppose that X and Y are rectifiably connected metric spaces, and that
G  X and G′  Y are domains. If f : G→ G′ is (M,C)-CQH, and γ is an ε-short
arc in G with 0 < ε ≤ 1, then there are constants ν = ν(C,M) and h = h(C,M)
such that the image γ′ of γ under f is (ν, h)-solid in G′.
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Proof. Let
h = (2M + 1)C + 2M and ν =
4(C + 1)M(M + 1)
2C + 1
.
Obviously, we only need to verify that for x, y ∈ γ,
(2.13) ℓk
G′
(γ′[x′, y′], h) ≤ νkG′(x
′, y′).
We prove this by considering two cases. The first case is: kG(x, y) < 2C + 1. Then
for z1, z2 ∈ γ[x, y], we have
kG′(z
′
1, z
′
2) ≤MkG(z1, z2) + C ≤M(kG(x, y) + ε) + C < (2M + 1)C + 2M = h,
and so
(2.14) ℓk
G′
(γ′[x′, y′], h) = 0.
Now, we consider the other case: kG(x, y) ≥ 2C + 1. Then
kG′(x
′, y′) ≥
1
M
(kG(x, y)− C) >
1
2M
kG(x, y).
With the aid of [44, Theorems 4.3 and 4.9], we have
ℓk
G′
(γ′[x′, y′], h) ≤ ℓk
G′
(γ′[x′, y′], (M + 1)C) ≤ (M + 1)ℓkG(γ[x, y])(2.15)
≤ (M + 1)(kG(x, y) + ε)
≤
2(C + 1)(M + 1)
2C + 1
kG(x, y)
≤
4(C + 1)M(M + 1)
2C + 1
kG′(x
′, y′).
It follows from (2.14) and (2.15) that (2.13) holds. 
The following results will be used in the proof of Theorem 1.
Lemma 5. Suppose that X and Y are both c-quasiconvex and complete metric
spaces, and that G  X and G′  Y are domains. If both f : G → G′ and f−1 :
G′ → G are weakly H-quasisymmetric, then
(1) f is ϕ-FQC, where ϕ = ϕc,H which means that the function ϕ depends only
on c and H;
(2) f is fully (M,C)-CQH, where M = M(c,H) ≥ 1 and C = C(c,H) ≥ 0 are
constants.
Proof. By [23, Thm. 1.6], we know that for every subdomain D ⊂ G, both f :
D → D′ and f−1 : D′ → D are ϕ-semisolid with ϕ = ϕc,H, and so, f is ϕ-FQC.
Hence (1) holds. On the other hand, [25, Theorem 1] implies that (1) and (2) are
equivalent, and thus, (2) also holds. 
Lemma E. ([48, Lem. 6.5]) Suppose that X is c-quasiconvex, and that f : X → Y is
weakly H-quasisymmetric. If x, y, z are distinct points in X with |y−x| ≤ t|z−x|,
then
|y′ − x′| ≤ θ(t)|z′ − x′|,
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where the function θ(t) = θc,H(t) is increasing in t.
Lemma F. ([43, Lem. 5.4]) Suppose that f : X → Y is weakly H-quasisymmetric
and that f(X) is c-quasiconvex. If x, y, z are distinct points in X with |y − x| =
t|z − x| and if 0 < t ≤ 1, then
|y′ − x′| ≤ θ(t)|z′ − x′|,
where θ : [0, 1]→ [0,∞) is an embedding with θ(0) = 0 depending only on H and c.
The following result easily follows from Lemma F.
Lemma 6. Suppose that f : X → Y is weakly H-quasisymmetric and that f(X)
is c-quasiconvex. Then f−1 : f(X) → X is weakly H1-quasisymmetric with H1
depending only on H and c.
Proof. Let x, y, z be distinct points in X with |y − x| = t|z − x| and 0 < t ≤ 1.
Then by Lemma F there exists some constant c1 > 2 such that
|y′ − x′| ≤ θ(t)|z′ − x′|,
where θ( 1
c1
) < 1.
In order to prove that f−1 : f(X)→ X is weakly H-quasisymmetric, we let a, b, x
be distinct points in X with |a′− x′| ≤ |b′ − x′|. Then if |a− x| ≤ c1|b− x|, there is
nothing to prove. Hence, we assume that |a− x| > c1|b− x|. Then we have
|a′ − x′| ≤ |b′ − x′| ≤ θ(1/c1)|a
′ − x′| < |a′ − x′|.
This contradiction completes the proof. 
3. The proof of Theorem 1
In this section, we always assume that X and Y are c-quasiconvex and complete
metric spaces, and that G  X and G′  Y are domains. Furthermore, we suppose
that f : G → G′ is weakly H-quasisymmetric, G′ is c1-quasiconvex and D ⊂ G is
b-uniform.
Under these assumptions, it follows from Lemmas 5 and 6 that f is (M,C)-CQH
with M =M(c,H) ≥ 1 and C = C(c,H) ≥ 0.
We are going to show the uniformity of D′ = f(D). For this, we let x′, y′ ∈ D′ =
f(D) ⊂ G′, and γ′ be an ε-short arc in D′ joining x′ and y′ with
0 < ε < min
{
1,
1
2
kD′(x
′, y′)
}
.
Then by Lemma 4, the preimage γ of γ′ is a (ν, h)-solid arc in D with ν = ν(c,H)
and h = h(c,H). Let w0 ∈ γ be such that (see Figure 2)
(3.1) δD(w0) = max
p∈γ
δD(p).
Then by Lemma 3, there is a constant µ = µ(b, ν, h) such that for each u ∈ γ[x, w0]
and for all z ∈ γ[u, w0],
(3.2) |u− z| ≤ diam(γ[u, z]) ≤ µδD(z),
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and for each v ∈ γ[y, w0] and for all z ∈ γ[v, w0],
|v − z| ≤ diam(γ[v, z]) ≤ µδD(z).
In the following, we show that γ′ is a double cone arc in D′. Precisely, we shall
prove that there exist constants A ≥ 1 and B ≥ 1 such that for every z′ ∈ γ′[x′, y′],
(3.3) min{ℓ(γ′[x′, z′]), ℓ(γ′[z′, y′])} ≤ AδD′(z
′)
and
(3.4) ℓ(γ′) ≤ B|x′ − y′|.
The verification of (3.3) and (3.4) is given in the following two subsections.
3.1. The proof of (3.3). Let
A = 2e8b
2A1(C+1)M and A1 = 2e
M+C(1 + µ)θ′′
(
6cθ′(µ)e4b
2M+C
)
,
where the functions θ′ = θ′b,H and θ
′′ = θ′′c1,H are from Lemma E. Obviously, we only
need to get the following estimate: for all z′ ∈ γ′[x′, w′0] (resp. z
′ ∈ γ′[y′, w′0]),
(3.5) ℓ(γ′[x′, z′]) ≤ AδD′(z
′) (resp. ℓ(γ′[y′, z′]) ≤ AδD′(z
′)).
It suffices to prove the case z′ ∈ γ′[x′, w′0] since the proof of the case z
′ ∈ γ′[y′, w′0]
is similar. Suppose on the contrary that there exists some point x′0 ∈ γ
′[x′, w′0] such
that
(3.6) ℓ(γ′[x′, x′0]) > AδD′(x
′
0).
Then we choose x′1 ∈ γ
′[x′, w′0] to be the first point from x
′ to w′0 such that (see
Figure 3)
(3.7) ℓ(γ′[x′, x′1]) = AδD′(x
′
1).
Let x2 ∈ D be such that (see Figure 2)
|x1 − x2| =
1
2
δD(x1).
Then we have
Claim 3.1. |x′1 − x
′
2| < e
4b2M+CδD′(x
′
1).
Obviously,
δD(x2) ≥ δD(x1)− |x1 − x2| = |x1 − x2|,
and so, (2.2) and Lemma B imply
log
(
1 +
|x′1 − x
′
2|
δD′(x′1)
)
≤ kD′(x
′
1, x
′
2) ≤MkD(x1, x2) + C
≤ 4b2M log
(
1 +
|x1 − x2|
min{δD(x1), δD(x2)}
)
+ C
< 4b2M + C,
whence
|x′1 − x
′
2| < e
4b2M+CδD′(x
′
1),
which shows that the claim holds.
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Let x′3 ∈ γ
′[x′, x′1] be such that
(3.8) ℓ(γ′[x′, x′3]) =
1
2
ℓ(γ′[x′, x′1]),
and then, we get an estimate on |x′1−x
′
2| in terms of dD′(x
′
3) as stated in the following
claim.
Claim 3.2. |x′1 − x
′
2| < 2e
4b2M+CδD′(x
′
3).
It follows from (3.7) and (3.8) that
δD′(x
′
1) < 2δD′(x
′
3),
since the choice of x′1 implies ℓ(γ
′[x′, x′3]) < AdD′(x
′
3). Hence, Claim 3.1 leads to
|x′1 − x
′
2| < 2e
4b2M+CδD′(x
′
3),
as required.
On the basis of Claim 3.2, we have
Claim 3.3. |x′1 − x
′
3| ≤ 2θ
′(µ)e4b
2M+CδD′(x
′
3).
In order to apply Lemma E to prove this claim, we need some preparation. It
follows from (2.1), (3.7) and (3.8) that
kD′(x
′
1, x
′
3) ≥ ℓkD′ (γ
′[x′1, x
′
3])− ε ≥ log
(
1 +
ℓ(γ′[x′1, x
′
3])
δD′(x′1)
)
− 1
= log
(
1 +
A
2
)
− 1.
Hence, by Lemma B, we have
log
(
1 +
|x1 − x3|
min{δD(x1), δD(x3)}
)
≥
1
4b2
kD(x1, x3) ≥
1
4b2M
(kD′(x
′
1, x
′
3)− C)
≥
1
4b2M
(
log
(
1 +
A
2
)
− 1− C
)
> log(1 + A1),
and so
(3.9) |x1 − x3| > A1min{δD(x1), δD(x3)} >
A1
1 + µ
δD(x3),
which by (3.2) implies
δD(x3) ≤ δD(x1) + |x1 − x3| ≤ (1 + µ)δD(x1).
Again, by (3.2), we know
|x1 − x3| ≤ µδD(x1) = 2µ|x1 − x2|.
Now, we are ready to apply Lemma E to the points x1, x2 and x3 in D. Since f
is weakly H-quasisymmetric and D is b-uniform, by considering the restriction f |D
of f onto D′, we know from Lemma E that there is an increasing function θ′ = θ′b,H
such that
|x′1 − x
′
3| ≤ θ
′(2µ)|x′1 − x
′
2|,
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and thus, Claim 3.2 assures that
|x′1 − x
′
3| ≤ 2θ
′(2µ)e4b
2M+CδD′(x
′
3),
which completes the proof of Claim 3.3.
Let us proceed with the proof. To get a contradiction to the contrary assumption
(3.6), we choose x′4 ∈ D
′ such that
(3.10) |x′3 − x
′
4| =
1
3c
δD′(x
′
3).
Then Lemma A implies that
log
(
1 +
|x3 − x4|
δD(x3)
)
≤ kD(x3, x4) ≤MkD′(x
′
3, x
′
4) + C
≤ 3cM
|x′3 − x
′
4|
δD′(x′3)
+ C ≤ M + C,
which yields that
(3.11) |x3 − x4| < e
M+CδD(x3).
On the other hand, Claim 3.3 and (3.10) imply that
|x′1 − x
′
3| ≤ 2θ
′(2µ)e4b
2M+CδD′(x
′
3) = 6cθ
′(2µ)e4b
2M+C |x′3 − x
′
4|.
Now, we apply Lemma E to the points x′1, x
′
3 and x
′
4 in G
′. Since by Lemma 6
f−1 : G′ → G is weakly H-quasisymmetric and G′ is c1-quasiconvex, we know from
Lemma E that there is an increasing function θ′′ = θ′′c1,H such that
|x1 − x3| ≤ θ
′′
(
6cθ′(2µ)e4b
2M+C
)
|x3 − x4|,
which, together with (3.9) and (3.11), shows that
|x1 − x3| ≤ e
M+Cθ′′
(
6cθ′(2µ)e4b
2M+C
)
δD(x3)
≤
1 + µ
A1
eM+Cθ′′
(
6cθ′(2µ)e4b
2M+C
)
|x1 − x3|
=
1
2
|x1 − x3|.
This obvious contradiction shows that (3.3) is true. 
3.2. The proof of (3.4). Let
B = 12cA2e6b
2Mµ
(
1+θ′′
(
1+12cA
3c
))
,
and suppose on the contrary that
(3.12) ℓ(γ′) > B|x′ − y′|.
Since 9
2
ce
3
2 < B, we see from Lemma 2 that
(3.13) |x′ − y′| >
1
3c
max{δD′(x
′), δD′(y
′)}.
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For convenience, in the following, we assume that
max{δD′(x
′), δD′(y
′)} = δD′(x
′).
First, we choose some special points from γ′. By (3.12), we know that there exist
w′1 and w
′
2 ∈ γ
′ such that x′, w′1, w
′
2 and y
′ are successive points in γ′ and
(3.14) ℓ(γ′[x′, w′1]) = ℓ(γ
′[w′2, y
′]) = 6cA|x′ − y′|.
Then we have
Claim 3.4. |x′ − w′1| ≥
1
2
δD′(w
′
1) and |y
′ − w′2| ≥
1
2
δD′(w
′
2).
Obviously, it suffices to show the first inequality in the claim. Suppose
|x′ − w′1| <
1
2
δD′(w
′
1).
Then (3.3) and (3.13) lead to
δD′(x
′) ≥ δD′(w
′
1)− |x
′ − w′1| >
1
2
δD′(w
′
1) ≥
1
2A
ℓ(γ′[x′, w′1]) = 3c|x
′ − y′| > δD′(x
′).
This obvious contradiction completes the proof of Claim 3.4.
By using Claim 3.4, we get a lower bound for |w1−w2| in terms of min{δD(w1), δD(w2)},
which is as follows.
Claim 3.5. |w1 − w2| >
(
1 + θ′′
(
1+12cA
3c
))
µmin{δD(w1), δD(w2)}.
Without loss of generality, we assume that min{δD(w1), δD(w2)} = δD(w1). Then
by (3.14) and Claim 3.4, we have
(3.15) δD′(w
′
1) ≤ 2|x
′ − w′1| ≤ 2ℓ(γ
′[x′, w′1]) = 12cA|x
′ − y′|.
Since γ′ is an ε-short arc and D is b-uniform, by Lemma B, we have
log
(
1 +
|w1 − w2|
δD(w1)
)
≥
1
4b2
kD(w1, w2) ≥
1
4Mb2
kD′(w
′
1, w
′
2)−
C
4Mb2
≥
1
4Mb2
ℓk
D′
(γ′[w′1, w
′
2])−
ε+ C
4Mb2
≥
1
4Mb2
log
(
1 +
ℓ(γ′[w′1, w
′
2])
δD′(w′1)
)
−
1 + C
4Mb2
≥
1
4Mb2
log
(
1 +
B − 12cA
12cA
)
−
1 + C
4Mb2
= λ,
where the last inequality follows from (3.15) and the following inequalities:
ℓ(γ′[w′1, w
′
2]) = ℓ(γ
′)− ℓ(γ′[x′, w′1])− ℓ(γ
′[y′, w′2]) > (B − 12cA)|x
′ − y′|.
Hence
|w1 − w2| ≥ (e
λ − 1)δD(w1) >
(
1 + θ′′
(1 + 12cA
3c
))
µδD(w1),
as required.
Next, we get the following upper bound for |w1−w2| in terms of min{δD(w1), δD(w2)}.
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Claim 3.6. |w1 − w2| ≤ θ
′′
(
1+12cA
3c
)
µmin{δD(w1), δD(w2)}.
First, we see that w0 ∈ γ[w1, y] (see Figure 4), where w0 is the point in γ which
satisfies (3.1) (see Figure 2), because otherwise (3.2) gives that
|w1 − w2| ≤ µδD(w1),
which contradicts Claim 3.5.
We are going to apply Lemma E to the points x′, w′1 and w
′
2 in G
′. We need a
relationship between |w′1−w
′
2| and |x
′−w′1|. To this end, it follows from (3.14) that
|w′1−w
′
2| ≤ |w
′
1−x
′|+ |x′− y′|+ |y′−w′2| ≤ (1+12cA)|x
′− y′| ≤
1 + 12cA
3c
|x′−w′1|,
since we infer from the choice of w′1, (3.3) and Claim 3.4 that
|x′ − w′1| ≥
1
2
δD′(w
′
1) ≥
1
2A
ℓ(γ′[x′, w′1]) = 3c|x
′ − y′|.
Then by Lemma E, we know that there is an increasing function θ′′ = θ′′c1,H such
that
|w1 − w2| ≤ θ
′′
(
1 + 12cA
3c
)
|x− w1|,
and thus, (3.2) leads to
|w1 − w2| ≤ θ
′′
(
1 + 12cA
3c
)
µmin{δD(w1), δD(w2)},
which shows that Claim 3.6 holds.
We observe that Claim 3.5 contradicts Claim 3.6, which completes the proof of
(3.4).
Inequalities (3.3) and (3.4), together with the arbitrariness of the choice of x′ and
y′ in D′, show that D′ is B-uniform, which implies that Theorem 1 holds. 
4. The proof of Theorem 2
First, one easily sees from Lemma 6 that f−1 is also weakly H1-quasisymmetric
for some constant H1 ≥ 1 because every b-uniform domain is clearly b-quasiconvex.
Thus by Lemma 5, we get that f is (M,C)-CQH for some M,C ≥ 1. Moreover,
using Lemma 4, we obtain that the image curve γ′ is (ν, h)-solid for some ν, h ≥ 1.
Hence the first assertion follows from Lemma 3.
So, it remains to show the second assertion. We note that again by Lemma 3 we
have
diam(γ′) ≤ µ3max{|x
′ − y′|,min{δG′(x
′), δG′(y
′)}}.(4.1)
Without loss of generality, we may assume δG′(x
′) ≤ δG′(y
′). Since f−1 is also weakly
H1-quasisymmetric, by [23, (3.10)], one immediately sees that there is an increasing
continuous function θ : (0, 1
54c
)→ R+ with θ depending only on c and H1 and with
θ(0) = 0 such that
|x− y|
δG(x)
≤ θ
( |x′ − y′|
δG′(x′)
)
,(4.2)
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whenever x′, y′ ∈ G′ with |x′ − y′| ≤ δG′ (x
′)
54c
. Thus, there is a constant λ ∈ (0, 1
54c
)
such that θ(λ) < 1
50c2
.
Thus we divide the proof of the second assertion into two cases.
Case 4.1. |x′ − y′| ≥ λδG′(x
′).
Then, obviously, we get from (4.1) that
diam(γ′) ≤
µ3
λ
|x′ − y′|,
as desired.
Case 4.2. |x′ − y′| < λδG′(x
′).
Then (4.2) and the choice of λ imply that
|x− y| ≤ θ(λ)δG(x) <
δG(x)
50c2
.
We claim that
γ ⊂ B(x, 8c|x− y|) ⊂ B(x,
δG(x)
6c
).(4.3)
Otherwise, there is some point w ∈ γ such that |w − x| = 8c|x − y| ≤ δG(x)
6c
and
γ[x, w] ⊂ B(x, 8c|x− y|). Moreover, since γ is a ε-short arc, by Lemma A we have
ℓkG(γ) ≤ kG(x, y) + ε ≤
7
6
kG(x, y) ≤
7c|x− y|
2δG(x)
,
and
ℓkG(γ) ≥ kG(x, w) ≥
1
2
|x− w|
δG(x)
≥ 4c
|x− y|
δG(x)
,
which is an obvious contradiction. Hence the required relation (4.3) follows.
Moreover, by (4.3) we have for all z ∈ γ,
|x− z| ≤ 8c|x− y|.
Since X is c-quasiconvex, there is a curve β joining x and z with ℓ(β) ≤ c|x − z|.
Indeed, we know that β ⊂ G, because
ℓ(β) ≤ c|x− z| ≤ 8c2|x− y| ≤
δG(x)
6
.
Then we shall define inductively the successive points x = x0, ..., xn = z such that
each xi denotes the last point of β in B(xi−1, |x− y|), for i ≥ 1. Obviously, n ≥ 2,
and
|xi−1 − xi| = |x− y| for 1 ≤ i ≤ n− 1, |xn−1 − xn| ≤ |x− y|.
Next, we are going to obtain an upper bound for n. Since for 1 ≤ i ≤ n− 1,
ℓ(β[xi−1, xi]) ≥ |xi−1 − xi| = |x− y|,
we have
(n− 1)|x− y| ≤ ℓ(β) ≤ c|x− z| ≤ 8c2|x− y|,
which implies that
n ≤ 8c2 + 1.
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Now, we are going to complete the proof in this case. Since for 1 ≤ i ≤ n − 1,
|xi+1 − xi| ≤ |xi−1 − xi| and f is weakly H-quasisymmetric, we have
|x′1 − x
′
0| ≤ H|x
′ − y′|,
|x′2 − x
′
1| ≤ H|x
′
1 − x
′
0| ≤ H
2|x′ − y′|,
...
|x′n − x
′
n−1| ≤ H
n|x′ − y′|.
Thus,
|x′ − z′| = |x′0 − x
′
n| ≤
n∑
i=1
|x′i − x
′
i−1|
≤ (H +H2 + · · ·+Hn)|x′ − y′|
≤ nHn|x′ − y′|
≤ (8c2 + 1)H8c
2+1|x′ − y′|.
Therefore, we obtain
diam(γ′) ≤ 2(8c2 + 1)H8c
2+1|x′ − y′|
as desired.
Let λ2 = max{
µ3
λ
, 2(8c2+ 1)H8c
2+1}. Then the proof of this theorem is complete.
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